Abstract: We prove several rigidity theorems for elliptic genera associated to Toeplitz operators on odd dimensional spin manifolds. We also prove an equivariant odd index theorem for Dirac operators with involution parity and the Atiyah-Hirzebruch vanishing theorems for odd dimensional spin manifolds.
Introduction
One of the most interesting applications of the Atiyah-Bott-Segal-Singer fixed point formula is the vanishing theorem of Atiyah and Hirzebruch [AH] . This theorem was vastly generalized to vanishing and rigidity theorems for elliptic genera, see [BT] , [Li1] , [Li2] and [LiM] . The purpose of this paper is to prove similar results for odd dimensional manifolds. We will first derive fixed point formulas on odd dimensional manifolds, then we combine them with the modularity arguments to prove vanishing and rigidity theorems for elliptic genera associated to Toeplitz operators on odd dimensional manifolds. We believe our results should have applications to the study of topology of odd dimensional manifolds.
In Section 2.1, we state an equivariant odd index theorem for Toeplitz operators and prove an Atiyah-Hirzebruch type theorem for odd dimensional manifolds. Rigidity theorems for ellipitc genera on odd dimensional manifolds stated for Toeplitz operators are given in Section 2.2. In Section 3, the rigidity theorems are generalized to the nonzero anomaly case. In Section 4, we prove an equivariant odd index theorem for Dirac operators with involution parity which is a generalization of Freed's odd index theorem in [Fr] and another Atiyah-Hirzebruch type theorem for odd dimensional manifolds is given.
Rigidity theorems for Toeplitz operators on odd dimensional manifolds

An Atiyah-Hirzebruch vanishing theorem for odd dimensional manifolds
In this section, we first state a generalization of the equivariant odd index theorem for Toeplitz operators proved by Fang in [Fa] (for more details, see [Fa] ). Let X be a closed oriented spin manifold of dimension 2r + 1, with a fixed spin structure. Let (T X) be the canonical complex spinor bundle of X and E be a complex Hermitian vector bundle with a Hermitian connection ∇ E . Let D E be the associated twisted Dirac operator which is a self adjoint first order elliptic differential operator acting on Γ( (T X) ⊗ E) (the smooth sections space of (T X) ⊗ E), so it induces a spectral decomposition of L 2 ( (T X) ⊗ E) which is the L 2 completion of Γ( (T X) ⊗ E). Denote by L 2 + ( (T X) ⊗ E) the direct sum of eigenspaces of D E associated to nonnegative eigenvalues, and by P + the orthogonal projection operator from L 2 ( (T X) ⊗ E) to L 2 + ( (T X) ⊗ E). Given a trivial complex vector bundle C N over X, D E and P + extend trivially as operators on Γ( (T X) ⊗ E ⊗ C N ). Let g : X → U (N ) be a smooth map. Then g extends to an action on Γ( (T X)⊗E⊗C N ) as Id ( (T X)⊗E) ⊗g, still denoted by g.
Definition 2.1. The Toeplitz operator associated to D E and g is
It is a classical fact that T g ⊗E is a bounded Fredholm operator between the given Hilbert spaces. Next, we will state the equivariant index theorem for Toeplitz operators. Consider a compact group H of isometries of X preserving the orientation and spin structure. Let E be a H-vector bundle with H-invariant Hermitian connection. There is a lift of h ∈ H acting on Γ( (T X) ⊗ E) which commutes with D E , so it commutes with P + . We also assume that g(hx) = g(x), for any h ∈ H and any x ∈ X, (2.1)
Definition 2.2. The equivariant index associated to T g ⊗ E and h is
Let F α be the fixed point submanifolds of X under the action of any h ∈ H and for simplicity, we assume only one fixed point component F (the same discussions for many components), and N (F ) be the normal bundle of F in T X. Let dimF = 2q 0 + 1 and dimN (F ) = 2s. In any local coordinate system, R N (F ) is the curvature matrix of the bundle N (F ) and Θ is the rotation matix of h acting on N (F ). LetÂ(F ) and ch h (E) be theÂ characteristic form on T F and the equivariant Chern character of E respectively. Let ch(g) be the odd Chern character of g. The following theorem is a generalization of Fang' odd equivariant index theorem, its proof follows the same argument as in [Fa] .
Theorem 2.3. We have
Next we assume H = S 1 and let h = e 2πit be a generator of the circle group. Then the tangent bundle T X and E have decompositions into sum :
where 
Using (2.5), by the same method as in [AH] or [BT] , we can prove an AtiyahHirzebruch type theorem for odd dimensional spin manifolds:
Theorem 2.4. Let X be an odd dimensional connected spin manifold which admits an nontrivial S 1 action and g :
, for any h ∈ S 1 and any x ∈ X, then we have
Proof. Let h = e 2πit be the topological generator of S 1 where t is a irrational number. Let Γ be the subgroup of S 1 generated by h, then the closure of Γ is S 1 and fixed point sets
cokerT g ] is a virtual representative space of S 1 , then its character
where z 0 ∈ S 1 and k, n k are integers. By (2.4) and (2.5) for untwisted case, for any z = h m ∈ Γ, we have up to a constant
Considering the Taylor expansion of
where f (
We extend the right hand of (2.7) and (2.9) as meromorphic functions on the complex plane. Since they are equal on Γ, they must be equal on the complex plane. N k=−N n k z k has poles at 0, ∞ and (2.9) has poles at |z| = 1, so they have no poles on C ∪ ∞ and are constant. When z goes to zero, then (2.9) is zero. So ind z 0 (T g ) is zero, especially,
(2.10)
Rigidity theorems of elliptic genera for Toeplitz operators
First we recall the Witten elements. For a vector bundle E on X, let
be the symmetric and exterior power operations in
Furthermore, let V be a real vector bundle on X with structure group Spin(2k) and the action lift to V . So we have
where V 1 · · · V k are S 1 -invariant 2-planes and h acts on V ν by e 2πitnν . Denote the Chern root of V ν by 2πiu ν . Let
(2.14)
Let p 1 (.) S 1 denote the first S 1 -equivariant Pontrjagin class and ∆(V ) = ∆ − (V ) ⊕ ∆ + (V ) be the spinor bundle of V , then we have the following rigidity theorems. 
Example 1. Let M be an even dimensional spin manifold with nontrivial S 1 action preserving orientation and spin structure and its fixed points set is isolated. Let X = M × S 1 with S 1 acting on X by trivial action on S 1 . g is a smooth function on S 1 .
be the classical theta functions (see [Ch] ), where
(2.16) By (2.5) and [LaM, page 238] , for any irrational number t ∈ [0, 1] and h = e 2πit , up to some constants, we get
As in [Li1] , [LiM] , we extend these F and (F V ) to meromorphic functions on C × H, then the rigidity theorems are equivariant to the statement that these F and F V are holomorphic by the following lemma
Proof. Recall that we have the following transformation formulas of thetafunctions (see [Ch] ): 19) which proves (a).
To prove (b), note that since
This implies the equalities:
By (2.16),(2.19) and (2.21), we can prove b). Let Φ τ be scaling homomorphism from ∧(T F ) into itself:
The two generators of SL 2 (Z) are
25) which act on C × H in the following way:
Lemma 2.7. a) We have following identities:
Proof: By [Ch] , we have the following transformation formula for the Jacobi theta-functions:
The action of T on the functions on F and F V is easy, we omit it. By (2.17), we have
Using the same trick, we can get other identities.
Remark. When dimF = 1, then m 0 = 1 and there is no Φ * τ in Lemma 2.7.
Lemma 2.8 If T X and V are spin, then all of F and F V above are holomorphic in (t, τ ) ∈ R × H.
Proof. The proof is the same as the proof of Lemma 2.3 in [LiM] except that we use Theorem 2.3 instead of their equivariant family index theorem.
Proof of Theorem 2.5. We prove that these F and F V are holomorphic on C × H which implies the rigidity of Theorem 2.5. We denote by F one of the functions:
{F, F V }. Since ch(g) does not add poles, we know the possible polar divisors of F in C × H are of the form t = (n/l)(cτ + d) with n, c, d, l integers and (c, d) = 1 or c = 1 and d = 0. We can always find integers a, b such that ad − bc = 1. Then the matrix
which gives t = n/l. By Lemma 2.7, since dimF = 1, we know that up to some constant, F (g 0 (t, τ )) is still one of F , F V . This contradicts Lemma 2.8, therefore, this completes the proof of Theorem 2.5.
Remark: We may consider Theorem 2.5 as an odd analogue of rigidity theorems for even dimensional manifolds with isolated fixed points. When dimF > 1, by Lemma 2.7, in order to prove rigidity theorems, we need prove Lemma 2.8 for Φ * τ F and Φ * τ F V . That is equivalent to prove Lemma 2.8 for
. But it is not an equivariant index of some elliptic operator, so Lemma 2.8 does not apply.
Jacobi forms and vanishing theorems
In this section, we generalize the rigidity theorems in the previous section to the nonzero anomaly case, from which we derive some holomorphic Jacobi forms. As corollaries, we get many vanishing theorems for odd dimensional spin manifolds, especially an odd U -vanishing theorem for loop space. In this section, we will give odd analogues of some results of Section 3 in [Li2] .
Recall that the equivariant cohomology group H * S 1 (X, Z) of X is defined by
where ES 1 is the usual universal S 1 -principle bundle over the classifying space
Similarly an S 1 -bundle V over X extends to bundle V × S 1 ES over X × S 1 ES 1 , then the equivariant characteristic classes of V are defined by the characteristic classes of V × S 1 ES in H * S 1 (X, Z). Let u be the generator of H * (BS 1 , Z) . We still use the notation of Section 2. We suppose that there exists some integer n ∈ Z such that 
We can extend these functions to meromorphic functions on the complex plane. For α = 1, 2, 3, let
Similar to (2.13), we can get
where c 1 is a constant.
Recall that a (meromorphic) Jacobi form of index m and weight l over L Γ, where L is an integral lattice in the complex plane C preserved by the modular subgroup Γ ⊂ SL 2 (Z), is a (meromorphic) function F (t, τ ) on C × H such that
If F is holomorphic on C × H, we say that F is a holomorphic Jacobi form.
Recall the three modular subgroups
Now we state the following theorem which is a generalization of Theorem 2.5 to the nonzero anomaly case.
Theorem 3.1. a)For an odd dimensional spin manifold with nontrivial S 1 action, assume that it has only 1-dimensional fixed points submanifolds and 
and weight r over (2Z) 2 SL 2 (Z).
In this Section, we always assume dimF = 1. Similar to Lemma 3.2 in [Li2] and using the same trick in Lemma 2.7, we have:
Proof. By (3.5) and (2.29) and the equality θ (0, τ + 1) = e πi 4 θ (0, τ ) , we can prove (3.8). Consider the condition on the first equivariant Pontrjagin classes implies the equality
which gives the equalities
By (3.5),(2.16),(3.12) and dimF = 1, we have
Using the same trick, we can prove the other identities.
Lemma 3.3 a)For an odd dimensional spin manifold with nontrivial S 1 action, assume that it has only 1-dimensional fixed points submanifolds and
are Jacobi forms of index n 2 and weight r over (2Z) 2 Γ with Γ equal to Γ 0 (2), Γ 0 (2), Γ θ respectively, and
is a Jacobi form of index n 2 and weight r over (2Z) 2 SL 2 (Z). Proof: Using (2.19),(3.5) and (3.12), similar to Lemma 2.6 b), we can prove these F V and H satisfy the second equation of the definition of Jacobi form (3.6).
Recall that T and ST 2 ST generate Γ 0 (2), and also Γ 0 (2) and Γ θ are conjugate to Γ 0 (2) by S and ST , respectively. Then by Lemma 3.2, we can get that these F V ν and H satisfy the first equation of the definition of Jacobi form (3.6). (3.14) which denotes the action of g 0 on a Jacobi form F of index m and weight l.
,r−k ) is still one of the F ∈ {F V ν , H}. Similar to Lemma 2.8, we have the following Lemma
The proof of Theorem 3.1: By (3.14), F (g 0 (t, τ ))| m,l and F t cτ +d , aτ +b cτ +d have the same poles. As in [Li2] or [LiM] , by Lemma 3,4, similar to the proof of Theorem 2.5, we may prove Theorem 3.1.
Next we will prove a vanishing theorem for loop space. The following lemma is established in [EZ, Theorem 1.2] . is odd, then these equivariant index are identically zero; in particular, the index of these Toeplitz operators is zero.
The following theorem is an odd analogue of U -vanishing theorem for loop space.
Theorem 3.7 Let M be a compact odd dimensional spin manifold with a nontrivial S 1 action and 1-dimensional fixed points submanifolds. If p 1 (X) S 1 = −n π * u 2 , then the Lefschetz number, especially the index of
m 2 j = −n, thus n ≤ 0. When n = 0, then m j = 0 and S 1 -action has no fixed point. By (3.5), H(t, τ ) is zero. When n < 0, by Theorem 3.1 b) and Lemma 3.5, H(t, τ ) is also zero.
4. An equivariant odd index theorem for Dirac operators with involution parity
In this section, we will prove an equivariant odd index theorem which is the generalization of Freed's odd index theorem in [Fr] by a direct geometric method in [LYZ] ( also see [Wa] ). As in Section 2, Let X be a closed (connected for simplicity) oriented spin manifold of dimension 2r + 1, with a fixed spin structure and (T X) be the canonical complex spinor bundle of X. A compact group H of isometries of X preserves the orientation and spin structure. Let E be a H-vector bundle with H-invariant Hermitian connection ∇ E . There is a lift of h ∈ H acting on Γ( (T X) ⊗ E) which commutes with D E .
Suppose that τ : X → X is an orientation-reversing isometric involution which preserves the Pin structure induced by the Spin structure and commutes with any h ∈ H. We also assume that there is a lift of τ on E which commutes with any h ∈ H. We may take ∇ E is also τ -invariant. As in [Fr] and [Wa] , we have there exists a self-adjoint lift τ :
Then the +1 and −1 eigenspaces of τ give a splitting of the twisted spinor fields
and the Dirac operator interchanges
The purpose of this section is to compute the equivariant index
The simplest example is X = M × S 1 with τ the reflection x → −x on S 1 and H = S 1 acting on the spin manifold M . By the equivariant index theorem in the following (cf. Theorem 4.1), we have Ind
By the Mckean-Singer formula, we have
Let T = h τ be an orientation-reversing isometric, then T has a lift T on Γ + (X; ∆(T X)⊗ E). Next, for T and the twisted coefficient E, using the method in [LYZ] (also see [Wa] ), we can get the following index formula. For simplicity, we also assume that T has only one fixed point component F 0 with dimension 2q 0 and codimension 2s 0 + 1 Theorem 4.1. We have Proof. a) If h τ x = x, then (h τ ) 2 x = x. Since τ 2 = id; τ h = h τ , we know h 2 x = x. Since F (h m ) = F (h) = F (S 1 ), we have hx = x and τ x = x. Thus F (h τ ) ⊂ F (S 1 ) ∩ F ( τ ) and the inverse inclusion is trivial. Similarly we can get F (h m τ ) = F (S 1 ) ∩ F ( τ ). b) By a), we have N (h τ ) is a S 1 -representative bundle, so N (h τ ) has a S 1 -invariant decomposition N 0 ⊕ 1≤j N j and N 0 is a real vector bundle and N j is an oriented 2-plane bundle and h acts on N 0 by 1 and N j by e 2πim j t , where m j = 0 ∈ Z. Since τ is an involution isometry and commutes with h, so τ preserves the above decomposition acting by +1 or −1.
Now we give a Chern root expression of (4.5) for H = S 1 case. We assume E has also h τ -invariant decomposition ⊕E ν and h τ acts on E ν by e 2πi(cν t+bµ) , where c ν ∈ Z and b µ = 0 or where z 0 ∈ S 1 and k, n k are integers. By (4.7) for untwisted case, for any z = h m ∈ Γ, we have up to a constant ind z (D τ ) =
